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a b s t r a c t
We establish closed form analytical solutions for the flows of a generalized fluid of
complexity two, which includes the Navier–Stokes fluid, power-law fluid and the second-
grade fluid as special subclasses, in special geometries under the assumption that the flows
meet Navier slip conditions at the boundary. The boundary conditions allow the extremes
of no-slipping and no-sticking.We also allow for different boundary conditions at different
parts of the boundary,which leads to interesting consequenceswith regard to the solutions.
The dependence of the form of the solutions on the boundary conditions is discussed in
some detail.
© 2008 Elsevier Ltd. All rights reserved.
1. Introduction
We consider steady flows of a homogeneous incompressible fluid governed by the system of equations
div v = 0, (1)
%[∇v]v = −∇p+ divS+ %b, (2)
where v is the velocity, p the pressure (the mean normal stress) and b the specific external body force, % is the positive
constant density, S is the extra stress that is specified constitutively and ∇ denotes Eulerian spatial gradient. Here, we
consider the extra stress of the form
S = µ|A1|r−2A1 + α1A2 + α2A21, (3)
whereµ > 0,α1,α2, 1 < r <∞ arematerial constants, andA1 andA2 stand for the first and second Rivlin–Ericksen tensors
defined through
A1 = A1(v) := ∇v + [∇v]T, (4)
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Fig. 1. Poiseuille flow in an annular pipe. The flow is driven by constant pressure gradient.
Fig. 2. The plane Poiseuille flow: Flow between two fixed parallel plates is driven by constant pressure gradient.
A2 = A2(v) := (A1(v)),t + [∇A1(v)]v + A1(v)∇v + [∇v]TA1(v)
= [∇A1]v + A1∇v + [∇v]TA1. (5)
Note that the last equality holds by virtue of the fact that the flows under consideration are steady.
The constitutive equation (3), representing a special model of a fluid of complexity two, namely a generalized second-
grade fluid with the power-law viscosity, subsumes several classes of fluids of differential type1including the following
important cases:
(1) Navier–Stokes fluidwhen r = 2 and α1 = α2 = 0:
S = µA1. (6)
(2) Power-law fluidwhen α1 = α2 = 0 and r 6= 2:
S = µ|A1|r−2A1. (7)
(3) Classical second-grade fluidwhen r = 2 and α1 6= 0 6= α2:
S = µA1 + α1A2 + α2A21. (8)
Although we treat the general model (3) in our calculations below, the nature of the solutions for the models (6)–(8) will be
discussed in detail.
Note that (3) has the ability to describe two phenomena that cannot be described by the Navier–Stokes fluid (6). These
non-Newtonian phenomena that are associated with (3) and not with (6) are shear thinning/thickenning (the viscosity
decreases/increases with increasing shear rate) and the presence of (non-zero) normal stress differences in the simple shear
flow (Sxx − Syy 6= 0). The first effect is also described by (7), whilst (8) is capable of describing the second phenomena. It is
important to recognize that themodel (3) is incapable of describing the phenomenon of stress relaxation, a common feature
exhibited by many polymeric fluids.
We are interested in finding simple analytical solutions to the Eqs. (1) and (2) corresponding to flows in simple geometries
such as that: in a pipe (see Fig. 1), in between two parallel plates (see Figs. 2 and 4) and between two concentric cylinders
(see Fig. 3).
Boundary conditions, as is to be expected, play a key role in determining the solution. We assume that the boundary Γ
is not permeable, and this leads to
v · n = 0 on Γ , (9)
n being the unit outward outer normal to the boundary. A basic departure from most of the earlier studies of simple flows
in such special domains consists in assuming the Navier’s slip boundary condition (see [4] for the original reference) that
can be written as
θv · t + (1− θ)Sn · t = 0 on Γ , (10)
1 Fluids of differential type are fluids whose Cauchy stress T = −pI+ S at any point x occupied by the fluid depends only on the velocity gradient (and
the pressure) and its material time derivatives at the same point x (see [1]). Dunn and Rajagopal [2] introduced a class of fluids that they termed ‘‘fluids of
complexity (m, n)’’ that contains ‘‘fluids of complexity n’’ as a special subclass. In such fluids, the dependence of the stress and the Helmholtz potential on
the Rivlin–Ericksen tensors (see Rivlin and Ericksen [3]) of various orders can be different. The fluid of complexity n is a fluid of complexity (n, n).
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Fig. 3. Couette flow: Flow between two rotating concentric cylinders.
Fig. 4. Plane Couette flow: The flow between two parallel plates is driven by moving the top plate with constant speed.
where t is any tangent vector orthogonal to n at the boundary. Setting T = −pI+ S note that (10) is tantamount to
θv · t + (1− θ)Tn · t = 0 on Γ .
The parameter θ appearing in (10) meets
0 ≤ θ ≤ 1,
thus we can include the two limiting cases. If θ = 0, (10) reduces to the so-called slip boundary condition, while with θ = 1,
(10) captures the no-slip boundary condition. In our computations below we always assume 0 < θ ≤ 1 and we treat the
case θ = 0 separately. When appropriate, we also discuss the changes in the structure of the flows subject to (9) and (10)
for θ → 0+ and θ → 1−.
For flows between (infinite) parallel plates and between two concentric cylinders (see Figs. 2–4) we assume that the
interaction between the fluid and the plates Γ0 and Γh, or the cylinders ΓR0 and ΓRh may be different, thereby leading to
different conditions at the boundary:
v · n = 0, θ0v · t + (1− θ0)Sn · t = 0 on Γ0 (or ΓR0) (11)
and
v · n = 0, θhv · t + (1− θh)Sn · t = 0 on Γh (or ΓRh), (12)
where 0 ≤ θ0, θh ≤ 1 and a priori θ0 6= θh. The possibility of different interaction between the fluid and the plates at different
parts of the boundary leads to interesting non-symmetric flows, and is important from the point of view of applications. In
blood vessels, thematerial properties of thewalls can change significantly due to chemical andmechanical processes leading
to interactions (as clot formation) of blood components. Considering different interactions at the upper and lower plates,
we would like to illustrate, using plane flows, the fact that boundary conditions can have a profound effect on the form of
the velocity profile and hence the shear stresses developed at the wall.
A similar effect due to the asymmetry associated with the prescription of boundary conditions can be achieved by
assuming that gravity acts on the fluid domain, making a non-zero angle with the velocity vector. For simplicity, in this
study, we restrict ourselves to the case when the force due to gravity is and thus
b = 0.
We deal with five simple problems:
(1) Steady fully developed Poiseuille flow in a infinitely-long cylindrical tube (a pipe — see Fig. 1) where the velocity is
assumed to be of the form v = u(ρ)ez . The flow is driven by the pressure gradient and we suppose that the flow meets
the boundary conditions (9) and (10) with θ being the same at all points of the boundary.
(2) Steady fully developed plane Poiseuille flow between two parallel (infinite) plates (see Fig. 2) due to a pressure gradient.
The velocity of the form v = u(y)ex is subject to the boundary conditions (11) and (12).
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(3) Steady fully developed Couette flow between two concentric (infinitely long) cylinders, where the inner cylinder is fixed
and the outer cylinder rotates with the constant speed V = ωeθ . The velocity field is assumed to be v = u(ρ)eϕ and is
required to meet (11) on ΓR0 and
v · n = 0, θh(v − V ) · t + (1− θh)Sn · t = 0 on ΓRh . (13)
(4) Steady fully developed plane Couette flow between twoparallel plates (see Fig. 4). The pressure is supposed to be constant
and the flow is driven by the upper platemoving along x-directionwith the constant speed V = (ω, 0, 0). Plane Couette
flow can be viewed as the approximation of the classical Couette flow for R0, Rh  1 and h small. The velocity of the
form v = u(y)ex has to satisfy (11) on Γ0 and
v · n = 0, θh(v − V ) · t + (1− θh)Sn · t = 0 on Γh. (14)
(5) Steady fully developed plane Couette–Poiseuille flow between two parallel plates. The flow is driven both by a pressure
gradient and by the upper plate motion along x-direction with the constant velocity V = (w, 0, 0).
There have been several studies of special sub-classes of fluid of the type defined by (3) in special geometries (see [5–11]).
We shall not discuss these papers here as the purpose of this study is to provide a systematic study of the general model (3)
with the possibility of different boundary conditions at different parts of the boundary.
The paper is organized in the following way. In next section we restrict ourselves to flows between parallel plates and
study plane Poiseuille, plane Couette and plane Couette–Poiseuille flows. Section 3 is devoted to classical Couette flow,while
Poiseuille flow in a pipe is investigated in Section 4. The final section contains some concluding remarks, and the relevant
literature.
2. Flows between two parallel plates
In this section we focus attention on plane Couette flow, plane Poiseuille flow and plane Couette–Poiseuille flow. In all
cases, the velocity is supposed to be of the form
v = u(y)ex. (15)
Thus, (1) is automatically met. Since [∇v]v = 0 and b = 0, (2) reduces to
divS = ∇p. (16)
The special structure (15) of v also leads to (u′ := dudy )
A1 =
[0 u′ 0
u′ 0 0
0 0 0
]
, A21 =
(u′)2 0 00 (u′)2 0
0 0 0
 , A2 =
0 0 00 2(u′)2 0
0 0 0
 .
Consequently, setting µ∗ := µ(√2)r−2, (3) simplifies to
S =
 α2(u′)2 µ∗|u′|r−2u′ 0µ∗|u′|r−2u′ (2α1 + α2)(u′)2 0
0 0 0
 (17)
and (16) leads to
µ∗
d
dy
(|u′|r−2u′) = ∂p
∂x
, (18)
(2α1 + α2) ddy ((u
′)2) = ∂p
∂y
, (19)
0 = ∂p
∂z
.
The last equation confirms the fact that the velocity and pressure fields are independent of z.
Due to the special geometry (see Figs. 2 or 4) the tangent vector of interest and the outer normal on the boundary take
the form
t = (1, 0, 0), n = (0,±1, 0),
where+1 holds on Γh and−1 on Γ0. Thus v · n = 0 is fulfilled on Γ and by virtue of (17) we also have
(Sn) · t =
{
µ∗|u′(h)|r−2u′(h)
−µ∗|u′(0)|r−2u′(0) and v · t =
{
u(h) on Γh,
u(0) on Γ0.
(20)
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2.1. Plane Poiseuille flow
It follows from (19) that
p(x, y)− (2α1 + α2)(u′(y))2 = c(x) H⇒ ∂p
∂x
= c ′(x). (21)
Inserting (21) into (18), we conclude that
µ∗|u′(y)|r−2u′(y) = Dy+ E, (22)
c(x) = Dx+ P H⇒ p(x, y) = Dx+ P + (2α1 + α2)(u′(y))2, (23)
where D, E and P are constants. The choice of the flow direction from the left to the right implies(
∂p
∂x
=
)
D < 0. (24)
Next, with help of (20), we observe that (11) and (12) reduce to
θ0u(0)− (1− θ0)µ∗|u′(0)|r−2u′(0) = 0 on Γ0, (25)
θhu(h)+ (1− θh)µ∗|u′(h)|r−2u′(h) = 0 on Γh. (26)
The velocity profile is determined by solving the Eq. (22) together with the boundary conditions (25) and (26) (denoted
as Problem (U)). It is worth noting that although Problem (U) has been derived for the general model (3), it completely
coincides with the problem governing the flow of a power-law fluid (7). Note, however that due to (23) the form for the
pressure differs: for a power-law fluid (7) p is only a linear function of x, while for the general model (3), p depends on both
x and y. This implies that themodels (3) or (8) exhibit nonzero normal stress difference Syy−Sxx for simple shear flow (in fact,
here Syy − Sxx = 2α1(u′)2). Note also that setting r = 2 in Problem (U) we obtain the problem governing the Navier–Stokes
fluid (6) and the classical second-grade fluid (8).
Taking the derivative of (22) w.r.t. ywe conclude that
µ∗(r − 1)|u′(y)|r−2u′′(y) = D < 0,
implying that u is concave on (0, h) and that there is exactly one point ξ , 0 ≤ ξ ≤ hwhere
u′(ξ) = 0. (27)
Inserting (27) into (22) we then conclude that
|u′(y)|r−2u′(y) =
(
− D
µ∗
)
(ξ − y). (28)
Note that if θ0 = θh = 0 in (25) and (26) then u′(0) = u′(h) = 0 implying u ≡ const. on (0, h) leading to D = 0. This means
that the pressure is constant, a possibility not entertained in our analysis as we start with the assumption that the pressure
gradient is non-zero.
Since u(0) ≥ 0 and u(h) ≥ 0 it follows from (25) and (26) that u′(0) ≥ 0 and u′(h) ≤ 0. Thus, on (0, ξ) : u′(y) > 0 and
on (ξ , h) : u′(y) < 0.
Considering first the interval (0, ξ)we obtain from (28)
u′(y) =
(
− D
µ∗
) 1
r−1
(ξ − y) 1r−1 , (29)
implying that
u+(y) := u(y)|(0,ξ) = −Lr(ξ − y) rr−1 + F , (30)
where
Lr := r − 1r
(
− D
µ∗
) 1
r−1
> 0.
Inserting (30) into (25), we have
−θ0Lrξ rr−1 + θ0F − (1− θ0)Dξ = 0,
which then leads to
u+(y) := Lr
[
ξ
r
r−1 − (ξ − y) rr−1
]
− 1− θ0
θ0
Dξ . (31)
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Table 1
Overview of the solutions for plane Poiseuille flow in the symmetric case θ0 = θh = θ implying automatically ξ = h2
Fluid Velocity u(y) Pressure p(x, y)
Navier–Stokes L2
[( h
2
)2 − ( h2 − y)2]− 1−θθ D h2 Dx+ P
Power-law Lr
[( h
2
) r
r−1 − ∣∣ h2 − y∣∣ rr−1 ]− 1−θθ D h2 Dx+ P
Generalized second-grade Lr
[( h
2
) r
r−1 − ∣∣ h2 − y∣∣ rr−1 ]− 1−θθ D h2 Dx+ P + (2α1 + α2) (u′(y))2(
Lr = r−1r
(
−D
µ∗
) r
r−1
)
.
Table 2
Overview of the solution for plane Poiseuille flow
Fluid Velocity u(y)
Navier–Stokes

L2
[
ξ 2 − (ξ − y)2]− 1− θ0
θ0
Dξ y < ξ
L2
[
(h− ξ)2 − (y− ξ)2]− 1− θh
θh
Dξ y ≥ ξ
with ξ given by (36)
Power-law or generalized second-grade

Lr
[
ξ
r
r−1 − (ξ − y) rr−1
]
− 1− θ0
θ0
Dξ y < ξ
Lr
[
(h− ξ) rr−1 − (y− ξ) rr−1
]
− 1− θh
θh
D(h− ξ) y ≥ ξ
with ξ given by (35)
(
Lr = r−1r
(
−D
µ∗
) r
r−1
)
.
The pressure remains the same as in Table 1.
Similarly, on (ξ , h)we conclude from (28) that
u′(y) = −
(
− D
µ∗
) 1
r−1
(y− ξ) 1r−1 , (32)
which yields
u−(y) := u(y)|(ξ ,h) = −Lr(y− ξ) rr−1 + G. (33)
We determine G from (26) and this takes the form
−θhLr(h− ξ) rr−1 + θhG+ (1− θh)D(h− ξ) = 0,
leading to
u−(y) := Lr
[
(h− ξ) rr−1 − (y− ξ) rr−1
]
− 1− θh
θh
D(h− ξ). (34)
The condition of continuity of the velocity profile u+(ξ) = u−(ξ) then gives the equation for ξ :
Lrξ
r
r−1 − 1− θ0
θ0
Dξ = Lr(h− ξ) rr−1 − 1− θh
θh
D(h− ξ). (35)
For θ0 = θh we see that ξ = h2 is the solution of (35) giving the symmetric velocity profile. Note also, that we know that ξ
is uniquely determined even if for rr−1 = n ∈ N \ {0, 1} (35) represents a polynomial equation of the nth ((n− 1)th) order
if n is odd (even), respectively.
Note that by setting κ0 := − 1−θ0θ0 D and κh := −
1−θh
θh
D (35) with r = 2 simplifies to
L2ξ 2 + κ0ξ = L2(h− ξ)2 + κh(h− ξ) H⇒ ξ = h(L2h+ κh)
2(L2h+ κ0+κh2 )
, (36)
and one can again check that κ0 = κh leads to ξ = h2 . On the other hand, the choice θh = 1(H⇒ κh = 0) and θ0 small
(H⇒ κ0  1) gives ξ near the boundary.
The solutions for plane Poiseuille flow are summarized in Tables 1 and 2. Figs. 5–7 illustrate the dependence of the
velocity profile on the power-law index and the slip parameters.
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Fig. 5. Velocity profiles for plane Poiseuille flow for different boundary condition parameters θ0 = θh for several power-law indices r . (other parameters:
h = 1, µ = 1, and D such that Q = ∫ h0 u(y)dy = 1).
2.2. Plane Couette flow
Starting from the assumption that p is constant we immediately conclude from (19) that u has to be always linear
(independent of considered class of constitutive equations). Thus
u(y) = Ay+ B (37)
and the constants A and B are determined from (11) and (14). Note thatw > 0 implies A ≥ 0 and B ≥ 0.
Again, using (17) we have
θ0B− (1− θ0)µ∗Ar−1 = 0 on Γ0, (38)
θh(Ah+ B− w)+ (1− θh)µ∗Ar−1 = 0 on Γh. (39)
We consider first limiting cases for θ0. If θ0 = 1, then (38) implies B = 0 and (39) leads to
if θh = 0, then A = 0
if θh = 1, then A = wh
if θh ∈ (0, 1), then Ameets Ah+ 1− θh
θh
µ∗Ar−1 = w.
If θ0 = 0, then (38) gives A = 0 and (39) reduces to θh(B− w) = 0 on Γh which implies that
if θh ∈ (0, 1], then B = w
if θh = 0, then B ∈ R, arbitrary
Finally, if θ0 ∈ (0, 1) then (38) leads to
B = 1− θ0
θ0
µ∗Ar−1
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Fig. 6. Velocity profiles for plane Poiseuille flow for different power-law indices r and for several boundary condition parameters θ0 = θh = θ . (other
parameters: h = 1, µ = 1, and D such that Q = ∫ h0 u(y)dy = 1).
and (39) provides the equation for A, namely
θh
(
Ah+ 1− θ0
θ0
µ∗Ar−1
)
+ (1− θh)µ∗Ar−1 − θhw = 0, (40)
which includes three special cases:
if θh = 0, then A = 0, B = 0
if θh = 1, then Ah+ 1− θ0
θ0
µ∗Ar−1 − w = 0
if θh = θ0 ∈ (0, 1), then Ah+ 21− θh
θh
µ∗Ar−1 − w = 0
otherwise (40) should be used. A few interesting cases are shown in Figs. 8 and 9.
2.3. Plane Couette–Poiseuille flow
In the case of flow between parallel plates induced by the motion of one of the plates with respect to the other and also
a pressure gradient, the governing equations coincide with (22) and (23), derived for Poiseuille flow. These equations are
coupled by the boundary conditions (20) on Γ0 and
θh(u(h)− w)+ (1− θh)µ∗
∣∣u′(h)∣∣r−2 u′(h) = 0 on Γh (41)
Proceeding in a manner similar to that for the plane Poiseuille flow in the previous section we obtain
u+(y) = Lr
[
ξ
r
r−1 − (ξ − y) rr−1
]
− 1− θ0
θ0
Dξ, (42)
u−(y) = w + Lr
[
(h− ξ) rr−1 − (y− ξ) rr−1
]
− 1− θh
θh
D(h− ξ), (43)
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Fig. 7. Velocity profiles for plane Poiseuille flow for different power-law indices r and for several boundary condition parameters θ0 and θh = 1. (other
parameters: h = 1, µ = 1, and D such that Q = ∫ h0 u(y)dy = 1).
Fig. 8. Velocity profiles for plane Couette flow for different power-law indices r and θh with θ0 = 0,w = 1, h = 1, µ = 1.
where the point ξ is determined from the condition of continuity of the velocity profile u+(ξ) = u−(ξ) by solving
Lrξ
r
r−1 − 1− θ0
θ0
Dξ = w + Lr(h− ξ) rr−1 − 1− θh
θh
D(h− ξ). (44)
Since for r = 2 the governing equation (22) is linear, the velocity and pressure are obtained just by taking the sum of
the velocities and pressures for the Poiseuille and Couette flows. However, this is not true if r is different from 2. The Fig. 10
illustrates this for the case of power-law fluid with θ0 = θh = 0.5, when the prescribed pressure gradient D = −1 and the
velocity of the upper platew = 1.
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Fig. 9. Velocity profiles for plane Couette flow for different power-law indices r , θh and θ0 = 0 withw = 1, h = 1, µ = 1.
Fig. 10. Velocity profiles for plane Couette–Poiseuille flow for different power-law indices r , θh = θ0 = 0.5 withw = 1, h = 1,µ = 1. A denotes the sum
of the particular solutions of the corresponding Couette and Poiseuille problems, B denotes the solution of the combined Couette–Poiseuille flow.
3. Flow between concentric cylinders
In cylindrical coordinates, under the assumption of Couette flow, we look for the velocity and pressure of the form
v = vρeρ + vθeθ + vzez = w(ρ)eθ , (45)
p = p(ρ). (46)
Then, the constraint of incompressibility is identically satisfied since
div v = vρ,ρ + vρ
ρ
+ 1
ρ
vθ,θ + vz,z = 0. (47)
The momentum equation reduces to
%[∇v]v = −∇p+ divS (48)
where
[∇v]v = −w
2
ρ
eρ, (49)
∇p = p′eρ, (50)
and
divS =
(
1
ρ
Sρρ + Sρρ,ρ − 1
ρ
Sθθ
)
eρ +
(
2
ρ
Sρθ + Sρθ,r
)
eθ . (51)
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The extra stress tensor S depending on the material model that is chosen can be expressed via
A1 =

0 w′ − w
ρ
0
w′ − w
ρ
0 0
0 0 0
 , (52)
A21 =

(
w′ − w
ρ
)2
0 0
0
(
w′ − w
ρ
)2
0
0 0 0
 , (53)
A2 =
2
(
w′ − w
ρ
)2
0 0
0 0 0
0 0 0
 . (54)
Consequently, on setting µ∗ := µ(√2)r−2, (3), in this case, simplifies to
S =

(2α1 + α2)
(
w′ − w
ρ
)2
µ∗
∣∣∣∣w′ − wρ
∣∣∣∣r−2 (w′ − wρ
)
0
µ∗
∣∣∣∣w′ − wρ
∣∣∣∣r−2 (w′ − wρ
)
α2
(
w′ − w
ρ
)2
0
0 0 0
 (55)
and leads to
−%w
2
ρ
+ 1
ρ
Sρρ + Sρρ,ρ − 1
ρ
Sθθ = −p′ (56)
2
ρ
Sρθ + Sρθ,ρ = 0 (57)
The boundary condition (13) on the inner cylinder Γ0 at radius R0 is
θ0(w(R0)−Ω0R0)+ (1− θ0)Sρθ (R0) = 0,
(1− θ0)Sρz(R0) = 0, (58)
while on the outer cylinder Γh at radius Rh which rotates with the angular speedΩh we have
θh(w(Rh)−ΩhRh)+ (1− θh)Sρθ (Rh) = 0,
(1− θh)Sρz(Rh) = 0. (59)
3.1. Navier–Stokes model
In the case of the model (6), the balance of the linear momentum reduces to
−%w
2
ρ
= −p′ (60)
0 = µ
(
w′′ + w
′
ρ
− w
ρ2
)
(61)
with the solution given by
w(ρ) = Aρ + B
ρ
, ρ > 0, (62)
p(ρ) = %
(
A2
2
ρ2 − B
2
2
1
ρ2
+ 2AB ln ρ
)
, ρ > 0. (63)
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The constants A, B are determined by using the boundary conditions on the inner and outer cylinders, namely (58) and (59).
By denoting K0 = 1−θ0θ0 and Kh =
1−θh
θh
one finds that
A = R0Rh(ΩhR
2
h −Ω0R20)+ 2µ
(
KhR30Ω0 + K0R3hΩh
)
R0Rh(R2h − R20)+ 2µ(KhR30 + K0R3h)
, (64)
B = − R
3
0R
3
h(Ωh −Ω0)
R0Rh(R2h − R20)+ 2µ(KhR30 + K0R3h)
. (65)
3.2. Power-law fluid
In the case of the model given by (7) we obtain a system
−%w
2
ρ
= −p′ (66)
Sρθ,ρ + 2
ρ
Sρθ = 0 (67)
where
Sρθ = µ∗
∣∣∣∣w′ − wρ
∣∣∣∣r−2 (w′ − wρ
)
. (68)
The solution can be written as
w(ρ) = Aρ + Bρ r−3r−1 (69)
where
B =

− 2
r − 1
(
C
µ∗
) 1
r−1
ifw′ − w
ρ
> 0
+ 2
r − 1
(
C
µ∗
) 1
r−1
ifw′ − w
ρ
< 0
(70)
with C being a positive constant. The corresponding pressure is
p(ρ) =
∫
w2
ρ
dρ + p0 (71)
=

p0 + 12A
2ρ2 + 2AB ln ρ − 1
2
B2
ρ2
if r = 2
p0 + 12A
2ρ2 + 2ABρ + B2 ln ρ if r = 3
p0 + 12A
2ρ2 + r − 1
r − 2ABρ
2 r−2r−1 − 1
2
r − 1
r − 3B
2ρ2
r−3
r−1 otherwise.
(72)
Finally, using the boundary conditions (58) and (59), the constants A, B and C can be determined. The velocity profiles for
two examples are shown in Fig. 11.
3.3. Second-grade fluid
Considering the model (8) for a second-grade fluid, using
[∇A1]v =

− 2
ρ
w
(
w′ − w
ρ
)
0 0
0
2
ρ
w
(
w′ − w
ρ
)
0
0 0 0
 , (73)
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Fig. 11. Velocity profiles for Couette flow for different power-law indices r , θh = 1.0, θ0 = 0.9 with R0 = 0.5, Rh = 1.0,Ω0 = 0.5,Ωh = 1.0, µ = 1.
we can write the stress tensor in the form
S =

(2α1 + α2)
(
w′ − w
ρ
)2
µ
(
w′ − w
ρ
)
0
µ
(
w′ − w
ρ
)
α2
(
w′ − w
ρ
)
0
0 0 0
 , (74)
and its divergence
divS =

[
2(2α1 + α2)
(
w′′ − w
′
ρ
+ w
ρ2
)
+ 2α1 1
ρ
(
w′ − w
ρ
)](
w′ − w
ρ
)
µ
(
w′′ + w
′
ρ
− w
ρ2
)
0
 . (75)
The solution is then given by
w(ρ) = Aρ + B
ρ
(76)
as in the Newtonian case, while the pressure has the form
p(ρ) = p0 + %
(
1
2
A2ρ2 + 2AB ln ρ − 1
2
B2ρ
1
2
)
+ (6α1 + α2) B
2
ρ4
. (77)
On applying the boundary conditions on Γ0 and Γh we determine the constants A and B to be the same as in the Newtonian
case. The only difference to the Newtonian case is the additional term in the pressure solution.
3.4. Generalized second-grade fluid
The solution in this most general case is given by the velocity (69) and the pressure (77).
4. Poiseuille flow
Let us consider the flow in a circular pipe driven by prescribed constant pressure gradient. In cylindrical coordinates
under this assumption we look for the velocity and pressure of the form
v = vρeρ + vθeθ + vzez = w(ρ)ez, (78)
p = p0 − Gz + p˜(ρ), (79)
where R0 ≤ ρ ≤ Rh. The constraint of incompressibility is again identically satisfied as in the previous case
div v = vρ,ρ + vρ
ρ
+ 1
ρ
vθ,θ + vz,z = 0 (80)
and the pressure gradient is of the form ∇p = (p˜′(ρ), 0,−G)
J. Hron et al. / Computers and Mathematics with Applications 56 (2008) 2128–2143 2141
The momentum equation reduces to
0 = −∇p+ divS (81)
where
divS =
(
1
ρ
Sρρ + Sρρ,ρ + Sρz,z
)
eρ +
(
Sρz,ρ + 1
ρ
Sρz + Szz,z
)
ez . (82)
The extra stress tensor S depending on the material model that is chosen can be expressed via
A1 =
[ 0 0 w′
0 0 0
w′ 0 0
]
, (83)
A21 =
(w′)2 0 00 0 0
0 0 (w′)2
 , (84)
A2 =
2(w′)2 0 00 0 0
0 0 0
 . (85)
Consequently, on setting µ∗ := µ(√2)r−2, (3), in the most general case, simplifies to
S =

(2α1 + α2)(w′)2 0 µ∗
∣∣∣∣w′ − wρ
∣∣∣∣r−2 w′
0 0 0
µ∗
∣∣∣∣w′ − wρ
∣∣∣∣r−2 w′ 0 α2(w′)2
 (86)
and leads to
1
ρ
Sρρ + Sρρ,ρ − Sρz,z = −p′, (87)
Sρz,ρ + 1
ρ
Sρz + Szz,z = G. (88)
The boundary conditions (13) on the inner and outer cylinder Γ0 at radius R0 and Γh at Rh are
(1− θ0)Sρθ (R0) = 0, θw(R0)+ (1− θ0)Sρz(R0) = 0, (89)
(1− θh)Sρθ (Rh) = 0, θw(Rh)+ (1− θh)Sρz(Rh) = 0. (90)
4.1. Navier–Stokes model
In the case of the model (6) the balance of the linear momentum can be reduced to
0 = −p′ (91)
µ
(
w′′ + w
′
ρ
)
= G (92)
with solution in the form
w(ρ) = − G
4µ
ρ2 + A ln ρ + B, (93)
p(ρ) = p0 − Gz. (94)
The constants A, B are determined from the boundary conditions on the inner and outer surface, (89) and (90) and denoting
K0 = 1−θ0θ0 and Kh =
1−θh
θh
one finds that
A =
G
4µR
2
h + 12KhGRh − G4µR20 + 12K0GR0
ln Rh + KhµRh − ln R0 +
K0µ
R0
(95)
B = (
G
4µR
2
h + 12KhGRh)(ln Rh + KhµRh )− ( G4µR20 + 12K0GR0)(ln R0 −
K0µ
R0
)
ln Rh + KhµRh − ln R0 +
K0µ
R0
(96)
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Fig. 12. Velocity profiles for Poiseuille flow in a circular pipe with Rh = 1 and µ = 1.
If we consider the special case of a simple pipe, i.e. R0 = 0 then we require A = 0 in (93) and the solution reduces to
w(ρ) = − G
4µ
(R2h − ρ2)+
1
2
KhGRh. (97)
4.2. Second-grade fluid
In this case the velocity field is identical to that for the Newtonian fluid (93) while the pressure field is
p(r) = p0 − Gz + (2α1 + α2)
[
3G2ρ2
8µ2
+ A
2
2ρ2
− AG
µ
(ln ρ + 1)
]
(98)
4.3. Power-law fluid
In the case of the model given by (7) when R0 = 0 we obtain a solution of the form
w(ρ) = −Crρ rr−1 + B (99)
where Cr = r−1r
(
G
µ∗
) 1
r−1
and the constant B is determined from the boundary condition (90) as
B = CrR
r
r−1
h +
1
2
KhGRh. (100)
The pressure remains the same as in the Newtonian case (94). Fig. 12 illustrates the dependence of the velocity profile on
the slip parameter and the power-law index.
4.4. Generalized second-grade fluid
The solution in this most general case is given by the velocity (99) and the pressure (98).
5. Conclusion
We have considered a hierarchy of incompressible fluids, with the Navier–Stokes fluid being the simplest and a special
class of fluids of complexity two being the most general, that includes power-law fluids and the second grade fluids
as special sub-classes. The most general model is capable of capturing ‘‘shear thinning/thickenning’’ and ‘‘normal stress
differences’’ that has been observed during the flows of various fluid-like materials. We have established closed form
analytical solutions for steady flows of such fluids in special geometries under the assumption that the flows meet the
Navier’s slip at the boundary. TheNavier’s slip boundary conditions can be viewed as the homotopy transformation that links
the no-slip boundary condition on the one hand with the no-stick boundary condition on the other hand. This systematic
investigation makes this study more inclusive than some earlier ones dealing with a very special case of this general
treatment (e.g. [5–11]).
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In the case of plane flows, the ansatz v = (u(y), 0, 0) automatically annihilates the convective terms [∇v]v resp. [∇A1]v.
The striking differences in the forms of the solution are due to the differences in the constitutive relations as the boundary
condition is maintained the same to determine the specific solutions.
It is worth mentioning that for r = 2 the final velocity profile for plane the Couette–Poiseuille flow is just the sum of
the plane Couette profile and the plane Poiseuille profile due to the linearity of the final governing problem Problem (U).
Of course, for the power-law fluid, the plane Couette–Poiseuille flow is totally different from the sum of the plane Couette
flow and the plane Poiseuille flow as the governing equation is non-linear.
In contrast to the situation in flows between parallel plates, the flowswhich have been considered in cylindrical domains
include inertial effects.
We also admitted the possibility that the interaction between the fluid and the plate could be different at the upper and
the lower plates or the inner and the outer cylinders, respectively, thereby leading to different Navier-slip condition at the
two boundaries. We have provided a systematic investigation of the influence of different types of boundary conditions on
the velocity and pressure profiles, mainly for plane flows. This is particularly relevant to flows of biological fluids where the
properties of the vessel can differ from place to place.
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